We study the entanglement features of the ground state of a system composed of spin 1 and 1/2 parts. In the light of the ground state degeneracy, the notion of average entanglement is used to measure the entanglement of the Hilbert subspace. The entanglement properties of both a general superposition as well as the mixture of the degenerate ground states are discussed by means of average entanglement and the negativity respectively.
Introduction
Entanglement is a fundamental concept in the theory of quantum information, and the essential resource for modern applications of quantum mechanics. In recent years, much attention has been paid to the study of the entanglement of quantum systems either qualitatively or quantitatively. Entanglement possesses some resemblance to classical correlation, but it differs in some key aspects, e.g., the entangled objects can violate Bell's inequality [1, 2] .
It is known that the spin model is an important model in condensed matter physics and statistical mechanics. Recently there have been substantial discussions on the entanglement of quantum spin system in equilibrium states. In particular, both the entanglement of a ground state and that of a thermal state of spin-1/2 pair with Heisenbergtype coupling in the presence of a magnetic field have * E-mail: gqzhu@cjlu.edu.cn been investigated and some interesting results were obtained [3] [4] [5] [6] . In addition, the relation between the quantum phase transition (QPT) and entanglement was investigated. The existence of a QPT in a quantum manybody system strongly influences the behavior of the system near the critical point and it was shown that systems near quantum critical points can be simply characterized in terms of their entanglement content [7] [8] [9] . Entanglement plays an important role in the emergence of quantum behavior in naturally occurring quantum systems.
All of the aforementioned investigations will undoubtedly set up a bridge connecting the quantum information theory and condensed matter physics. However, the entanglement properties of the ground state of a physical model have not been well defined. In particular, the ground state may be degenerate. In the present paper, we study the entanglement features of the ground state for systems composed of spin-1/2 and spin-1 parts. All is known about the entanglement properties of this system, namely that PPT is sufficient and necessary entanglement criterion in this case [10] . In order to investigate the properties of the set of density matrices of a finite size, the notion of average entanglement was introduced [11] [12] [13] [14] . O. Giraud obtained the analytic expressions for the probability density distribution of the linear entropy and the purity for bipartite pure random quantum states [15] . Here this notion is used to measure the mean value of the entanglements of degenerate ground states. In Sec. 2, the average entanglement is used to measure the entanglement in a Hilbert subspace. On the basis of this concept, we discuss the entanglement property of that system in Sec. 3 for the general superposition of the degenerate ground states. In Sec. 4, the general mixture of the degenerate ground states is discussed in terms of Negativity [16] . A brief summary with discussion is given in the last section.
Average entanglement of a Hilbert subspace
As we know, some authors have tried to give new criteria to measure the entanglement in high-dimensional Hilbert spaces. For example, Rungta et al made an attempt to generalize the notion of concurrence [17, 18] to pure bipartite states in a D 1 ⊗ D 2 dimension Hilbert space by introducing the operation of a universal inverter [19] . They got one new extension of the concurrence as
where ν D 1 and ν D 2 are two constants related to the dimensions. For 2 ⊗ 3 space, the two constants are both set to unity. This quantity measures the entanglement of a pure state in terms of the purity, (ρ 2 A ) = (ρ 2 B ), of the reduced density operators. For the composite spin-1 and spin-1/2 state, when C = 0, the bipartite system is non-entangled and when C = 1, the state is maximally entangled. Here this generalized concurrence is used to evaluate the bipartite entanglement of pure states in high-dimensional Hilbert space. As we know that the ground state of a physical system is frequently degenerate, we need a method to evaluate the entanglement of such a state. With the help of the generalized concurrence applicable to measure the entanglement of an individual state, we suggest using the average entanglement. Since a general state in a Hilbert subspace can be expanded in terms of its bases, i.e., |Ψ = | , the generalized concurrence depends on the coefficients in the state expansion. The normalization condition | | 2 = 1 gives a restriction on the coefficients so that the parameter space of the Hilbert subspace manifests a compact hypersurface. It is therefore natural to define the average entanglement (average concurrence) by the following ratio:
Here µ(
) refer to the Haar measure with respect to the parametrization 1 2 , which is invariant under unitary operations. For a doubly degenerate case, a general state can be described by a superposition of two states | ψ 1 and | ψ 2 , the parameter space is a three dimensional sphere S 3 . The evaluation of the average entanglement becomes a calculation of the integrals in Eq. (2). We will apply the average concurrence to discuss the ground state of a concrete model in next section. The average entanglement is introduced because it is useful to study the average effect when the coefficients 1 , 2 , · · · are varied.
In an experiment one can arrange the interaction Hamiltonian with a degenerate ground state. After cooling, the system ends up in a ground state, but it can happen that it is not clear exactly in which eigenstate. For example, the ground state of pyrochlore oxides is highly degenerate, a static disordered state (a so-called spin ice state) is formed below 1K in spite of the structurally ordered system [20] . In fact, for a quantum system, if symmetry breaking occurs, i.e., the ground state has lower symmetry than that of the Hamiltonian, the ground state is usually degenerate. The average entanglement gives entanglement of a randomly sampled ground state, which gives experimenter a feeling of whether a physical system is e.g. useful for quantum information processing. The average entanglement of pure states in a two-qubit was computed in [12] . Later, the average entanglement of random pure states of an N × N composite system was analyzed [13] . In this paper, we focus on the effect of an external magnetic field upon the average entanglement of randomly distributed ground state.
The ground state superpositions
We consider a system of spin 1 and 1/2 with anisotropic Heisenberg coupling in a uniform magnetic field,
where σ 's refer to the Pauli matrices for spin-1/2 and S's denote the spin operators for spin-1; J stands for their coupling strength, and ∆ represents the anisotropy of the coupling. Throughout this paper, the spin-1/2 states are denoted by |↑ and |↓ , while the spin-1 states are denoted by |⇑ , | 0 , and |⇓ . In terms of the spin-1 matrices ( is put to unity in this paper), the Hamiltonian (3) is written in matrix form: 
In the absence of magnetic field
When the magnetic field is absent, i.e., B = 0, the ground state will be degenerate. The relation between the degeneracy and the anistropy factor ∆ can be described by the function (∆) as follows, A general state in the two-dimensional Hilbert subspace with bases |ψ 1 and |ψ 2 is given by
with | | 2 + | | 2 = 1, where
and
The state |ψ 1 has total spin −1/2 and the state |ψ 2 total spin 1/2. These states show some magnetization, so they do not describe exactly an antiferromagnet. This is different from the case of spin-1/2 spin system. For spin-1/2 XXZ chains, the isotropic point ∆ = −1 describes the ferromagnetic chains [21] . Using the definition of Eq. 1, one can obtain that the entanglement of the state is
The point ∆ = −1 is a special point in the absence of a magnetic field because the ground state is 4-fold degenerate. In fact, level-crossing of ground states is observed at the point ∆ = −1. One also can say there is a discontinuity in the first derivative of the ground state energy with respect to anisotropy factor ∆. In a sense, this is a QPT point, although the model considered has only two particles. The concept of QPT is valid for many-body systems. The general state at that point reads
where The concurrence is given by
where
When the coefficients are real, the Eq. 9 can be reduced into This reveals that the parameter space is a 7-dimensional sphere S 7 . As the result, the average entanglement versus ∆ is plotted in Fig. 3.1 . Obviously, the average entanglement is discontinuous (suddenly drops to 0.62) at the phase transition point ∆ = −1 and it reaches a local maximum value 0 76 at ∆ = 0 1, and approaches to 0 785 when ∆ → ∞.
In the presence of magnetic field
It is known that the application of an external field will break down the symmetry of the model, which brings about splitting of degenerate energy levels. Consequently, the entanglement of the system will change. The application of an external magnetic field along the direction makes the concurrence vary as a function of the anisotropy parameter ∆ and external field B. When ∆ ≤ −1, the ground state is |↑⇑ with energy ∆/2 + 3B/2 for the diamagnetic response B < 0, For the paramagnetic response B > 0, it is |↓⇓ whose energy is ∆/2 − 3B/2. Obviously the state in both cases are not entangled. However, for B = 0, the ground state is doubly degenerate,
of which the concurrence is 2| 1 2 |. Then the average concurrence is calculated to be 0 785. Meanwhile we find that the concurrence has one singular point along the Bparameter in the ferromagnetic regime ∆ < −1. 
where N 1 denotes the normalization factor
The generalized concurrence of state (12) is obtained
When ∆ = 0, the entanglement reaches its maximum of 1. )/4 is given by
where N 2 is the normalization factor. The concurrence is the same as Eq. (13 
The ground state mixtures
It is interesting to discuss the entanglement feature of a mixtures of the degenerate ground states of the same model. The negativity introduced by G. Vidal et al is known to be a useful measurement for the entanglement of mixed states [16] , namely,
where the trace norm is defined by A 1 ≡ √ A † A and T A refers to the partial transposition of subsystem A. The negativity vanishes for unentangled states. As one knows, when the ground state is degenerate, one can define the thermal ground state as [7] 
where Z = exp(−βH) is the partition function and β = 1/ T , is Boltzmann's constant, and T denotes the temperature. Later on, we shall be considering only the thermal ground state, i.e., a mixture of degenerate ground states. In the case of degeneracies, the thermal state is a thermal mixture of states with different energies, where for each energy one takes the state which is completely mixed within the subspace of states with this energy. Hereafter we discuss the mixture of ground states in the absence of magnetic field. In the ferromagnetic regime, ∆ < −1, a general mixed state is given by
Because the convexity of Rungta's generalized concurrence, one can obtain
Clearly, both the concurrence and negativity of the state described by (17) are zero. In the antiferromagnetic regime ∆ > −1. The density matrix for a general mixture of ground states is given by
where | ψ 1 and | ψ 2 were given in Eq. (5), and its negativity is obtained after some algebra:
At the critical point ∆ = −1, the density matrix for mixture of ground states becomes
where |φ 1 and |φ 2 were given in Eq. (8) . The negativity for the mixture of equilibrium at zero temperature ( = 1/4) is 0 031, and its average value is 0 077.
The negativity is plotted versus the anisotropy parameter ∆ in Fig. 4 . One can see from the plot that there is a singularity at ∆ = −1 where the quantum phase transition (ferromagnetic to antiferromagnetic) occurs. Whereas, when ∆ increases from −1, the negativity rises at first then descends after reaching a maximal value. Finally it approaches to zero when ∆ goes to infinity. The state (19) with = 1/2 is particularly interesting because it can be regarded as the thermal equilibrium at zero temperature. Note that the negativity of the equilibrium state at zero temperature reaches 1/3 at ∆ = 1 where the system recovers its largest symmetry (isotropic Heisenberg coupling).
Summary and discussion
We have studied the entanglement features of the ground state for a pair system of spin 1 and 1/2. We measure the ground-state entanglement by using concurrence. When the ground state is degenerate, the simple calculation of concurrence for a state is no longer applicable. The average entanglement is used to evaluate the average value when the coefficients of the superposition state are varied. We obtained the relations between the average entanglement and the anisotropy parameter. We also studied the model by taking account of external magnetic field. The relation between the entanglement and the magnetic field and the anisotropy parameters are calculated. We found that the state is not entangled when anisotropy factor ∆ < −1. When ∆ > −1, the concurrence varies with respect to the anisotropy factor ∆. We also studied the entanglement of a general mixture of the degenerate ground states by employing the widely used negativity.
Our results indicate that the averages of both concurrence and negativity have singularities at the quantum critical point ∆ = −1. The negativity for the equilibrium at zero temperature reaches the maximal value at ∆ = 1 where the model possesses the largest symmetry. However, both the negativity averaged over the general mixture and the concurrence averaged over the general superposition of the degenerate ground states do not reach maximum at ∆ = 1. The average concurrence takes the largest value 0 785 in the ferromagnetic regime ∆ < −1 and in the limit of the antiferromagnetic Ising dominant regime ∆ → ∞.
